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TAUTOLOGICAL CLASSES ON THE MODULI SPACE OF
HYPERELLIPTIC CURVES WITH RATIONAL TAILS

MEHDI TAVAKOL

ABSTRACT. We study tautological classes on the moduli space of
stable n-pointed hyperelliptic curves of genus g with rational tails.
Our result gives a complete description of tautological relations.
The method is based on the approach of Yin in comparing tau-
tological classes on the moduli of curves and the universal Jaco-
bian. It is proven that all relations come from the Jacobian side.
The intersection pairings are shown to be perfect in all degrees.
We show that the tautological algebra coincides with its image
in cohomology via the cycle class map. The latter is identified
with monodromy invariant classes in cohomology. The connec-
tion with recent conjectures by Pixton is also discussed.
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2 M. TAVAKOL

INTRODUCTION

In this article we study tautological classes on the moduli space
Hrt

g,n of stable n-pointed hyperelliptic curves of genus g with rational
tails. Tautological classes are natural algebraic cycles reflecting the
nature of the generic object parameterized by the moduli space. The
set of generators consists of an explicit collection of cycles. In partic-
ular, tautological groups are finite dimensional vector spaces. This
distinguishes remarkably the tautological ring from the out of reach
space of all algebraic cycles. A basic question regarding tautological
algebras is to give a meaningful class of tautological relations.

Our strategy in studying tautological classes on Hrt
g,n is to look at

the fibers of the projection π : Hrt
g,n → Hg. The reduced fiber of π

over a moduli point [X ] ∈ Hg corresponding to a smooth hyperellip-
tic curve X is the Fulton-MacPherson compactification X [n] of the
configuration space of n points on X . There is a natural way to view
the tautological ring of X [n] as an algebra over the tautological ring
R∗(Xn) of the cartesian product Xn of X . Basic relations among tau-
tological classes onXn are obtained. These relations are divided into
3 parts:

• The vanishing of the Faber-Pandharipande cycle,
• The vanishing of the Gross-Schoen cycle,
• A relation of degree g + 1 involving 2g + 2 points.

We show that all these relations can be obtained from relations
on the universal Jacobian Jg over the space Hg. Our argument in
proving the first two vanishings depends strongly on the fact that
we are working with hyperelliptic curves. The last relation has a
different nature and holds over any family of smooth curves of genus
g. We will give two independent arguments to prove this relation.
Yin has pointed out that the degree g + 1 relation can be obtained
from the vanishing of a certain Chow motive as well.

From our results we get a complete description of tautological re-
lations on the moduli space Hrt

g,n. We will see that the structure of the
tautological algebra is determined by studying tautological classes
on the fiber X [n]:

Theorem 0.1. LetX be a fixed hyperelliptic curve of genus g. The tautolog-
ical ring of the moduli space Hrt

g,n is naturally isomorphic to the tautological
ring of the fiber X [n]. In particular, the intersection pairings are perfect in
all degrees.
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Everything mentioned above concerns tautological classes in Chow.
The Gorenstein property of R∗(Hrt

g,n) implies the same results in co-
homology. This shows that there is no difference between Chow and
cohomology as long as we restrict to tautological classes. Using a
result of Petersen and Tommasi, which was our motivation for this
project, we prove the following:

Corollary 0.2. The cycle class map induces an isomorphism between the
tautological ring of the moduli space Hrt

g,n in Chow and monodromy invari-
ant classes in cohomology.

At the end we discuss the connection between the relations on the
space Hrt

g,n and Pixton’s relations on M g,n.

Conventions 0.3. We consider algebraic cycles modulo rational equiv-
alence. All Chow groups are taken with Q-coefficients.
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1. TAUTOLOGICAL CLASSES ON THE SPACE OF HYPERELLIPTIC

CURVES

Let Hrt
g,n be the space of stable n-pointed hyperelliptic curves of

genus g with rational tails. It is a quasi-projective variety of dimen-
sion 2g − 1 + n. It parameterizes objects of the form (C; x1, . . . , xn),
where C is stable hyperelliptic with n distinct smooth points xi for
i = 1, . . . , n. We assume that C is a reduced nodal curve of arithmetic
genus g with exactly one component of genus g. For each rational
component of the curve the markings and nodes are called special
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points. By the stability condition we require that all rational compo-
nents have at least 3 special points. As a result each object of the cor-
responding moduli problem has finitely many automorphisms and
the resulting stack is of Deligne-Mumford type.

Tautological classes on Hrt
g,n are defined as natural algebraic cycles

on the moduli space. Let π : C → Hg be the universal hyperellip-
tic curve of genus g and denote by ω its relative dualizing sheaf. Its
class in the Picard group of C is denoted by K. Denote by Cn the n-
fold fiber product of C over Hg. We define Ki := π∗

i (K) ∈ A1(Cn),
where πi : Cn → C is the projection onto the ith factor for every
1 ≤ i ≤ n. Its pull-back via the contraction map Hrt

g,n → Cn is de-
noted by the same letter. Tautological classes on Hrt

g,n come from
the classes Ki and those supported on the boundary of the partial
compactification Hrt

g,n. Recall that for each subset I of the marking
set {1, . . . , n} having at least 2 elements there is a boundary divisor
class DI in Pic(Hrt

g,n). It corresponds to those nodal curves having 2
components. According to our definition one component is of genus
g and the other component is rational. The index set I refers to the
markings on the rational component. We now define the tautological
ring of the moduli space:

Definition 1.1. The tautological ring of Hrt
g,n is the Q-subalgebra of

the rational Chow ring A∗(Hrt
g,n) of Hrt

g,n generated by the divisor
classes Ki for i = 1, . . . , n and the boundary divisors DI for subsets
I ⊆ {1, . . . , n} with at least 2 elements.

Remark 1.2. There is another, equivalent, way to define tautological
classes. We consider the system of Chow rings A∗(Hrt

g,n) for all stable
(g, n). The system of tautological rings R∗(Hrt

g,n) are defined as the
smallest collection of Q-subalgebras of the Chow rings A∗(Hrt

g,n) hav-
ing the identity element and stable under all natural maps among
these spaces. It is straightforward to see that all classes we defined
above belong to the tautological ring with this definition and they
are generators.

Remark 1.3. Recall that the line bundle Li, whose fiber over the mod-
uli point (C; x1, . . . , xn) is the cotangent space of C at xi, gives tauto-
logical classes. Its first Chern class is called the ψi-class. It is related
to the classes considered before via the following equality:

ψi = Ki +
∑

i∈I

DI .
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Other natural classes on the moduli space Hg are kappa classes. Re-
call that the kappa class κi is defined as π∗(K

i+1). Notice that the
kappa class κi vanishes when i > 0 since Hg has trivial Chow groups.

We study the connection between tautological classes on moduli
of curves and the universal Jacobian. There are many natural maps
from a curve into its Jacobian. We find it more convenient to use a
Weierstraß point on the curve to define such a map. We work with
the moduli space Wg of Weierstraß pointed hyperellipctic curves of
genus g. This space parameterizes objects of the form (C, p), where
C is a hyperelliptic curve of genus g and p is a Weierstraß point on
C. The universal family π : C → Wg admits a section s : Wg → C. It
associates the Weierstraß point p ∈ C to the pair (C, p). The space Wg

is a finite cover of Hg of degree 2g + 2. In a similar way we consider
a pointed version of this moduli space and define the space Wrt

g,n.
In an analogous manner we define tautological rings of the moduli
spaces parameterizing Weierstraß pointed curves. In each case there
is a map to a moduli of curves by ignoring the Weierstraß point.
Tautological classes are defined as pull-backs of tautological classes
on the moduli of curves via these maps.

2. TAUTOLOGICAL CLASSES ON THE UNIVERSAL JACOBIAN

In this section we review basic notions about tautological classes
on the universal Jacobian. Relations among these classes give inter-
esting results on moduli of curves. The tautological ring of a fixed
Jacobian variety is defined by Beauville. In [1] he studies tautological
classes on the Jacobian of a fixed curve under algebraic equivalence.
The idea is to consider the class of a curve of genus g inside its Ja-
cobian and apply all natural operators to it induced from the group
structure on the Jacobian and the intersection product in the Chow
ring. He shows that the resulting algebra becomes stable under the
Fourier transform. In fact, if one applies the Fourier transform to the
class of the curve, all components in different degrees belong to the
tautological algebra. Beauville shows that these components yield a
set of generators with g − 1 elements. When the curve admits a de-
gree d map into the projective line the tautological ring is generated
by d− 1 elements.

Let π : C → S be a family of smooth curves of genus g > 0 which
admits a section s : S → C. Denote by Jg := Pic0(C/S) the relative
Picard scheme of divisors of degree zero. It is an abelian scheme over
the base S of relative dimension g. The section s induces an injection
ι : C → Jg from C into the universal Jacobian Jg. The geometric point
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x on a curve C is sent to the line bundle OC(x− s) via the morphism
ι. The abelian scheme Jg is equipped with the Beauville decomposi-
tion defined in [1]. Components of this decomosition are eigenspaces
of the natural maps corresponding to multiplication with integers.
More precisely, for an integer k consider the associated endomor-
phism on Jg. The subgroup Ai

(j)(Jg) is defined as all degree i classes

on which the morphism k∗ acts via multiplication with k2i−j . Equiv-
alently, the action of the morphism k∗ on Ai

(j)(Jg) is multiplication

by k2g−2i+j . The Beauville decomposition has the following form:

A∗(Jg) = ⊕i,jA(i,j)(Jg),

where A(i,j)(Jg) := A
i+j

2

(j) (Jg).

Beside the intersection product on Chow groups there is another
multiplication on A∗(Jg). The Pontryagin product ∗ defined in terms
of the addition

µ : Jg ×S Jg → Jg

on Jg. Let π1, π2 : Jg ×S Jg → Jg be the natural projections and x, y
be elements of the Chow ring of Jg. The Pontryagin product x ∗ y of
x and y is defined as µ∗(π

∗
1x · π

∗
2y).

The universal theta divisor θ trivialized along the zero section is
defined in the rational Picard group of Jg. It defines a principal po-
larization on Jg. The first Chern class l of the Poincaré bundle P is
defined as π∗

1θ + π∗
2θ − µ∗θ. The Fourier Mukai transform F gives

an isomorphism between (A∗(Jg), .) and (A∗(Jg), ∗). It is defined as
follows:

F(x) = π2,∗(π
∗
1x · exp(l)).

We now recall the definition of the tautological ring of Jg from
[37]. It is defined as the smallest Q-subalgebra of the Chow ring
A∗(Jg) which contains the class of C and is stable under the Fourier
transform and all maps k∗ for integers k. It follows that for an in-
teger k it becomes stable under k∗ as well. From this definition we
get infinitely many tautological classes. But one can see that the tau-
tological algebra is finitely generated. In particular, it has finite di-
mensions in each degree. The generators are expressed in terms of
the components of the curve class in the Beauville decomposition.
Define the following classes:

pi,j := F
(
θ

j−i+2

2 · [C](j)
)
∈ A(i,j)(Jg).

We have that p2,0 = −θ and p0,0 = g[Jg]. The class pi,j vanishes for
i < 0 or j < 0 or j > 2g − 2. The tautological class Ψ comes from the
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class K of relative dualizing sheaf ωπ of π : C → S. It is defined as

Ψ := s∗(K).

It is proven in [37] that the tautological ring of Jg is generated by
the classes pi,j and Ψ. A crucial feature of the tautological ring of
the universal Jacobian is the Lefschetz decomposition. In the classic
case the sl2 action on Chow groups of an abelian variety was stud-
ied by Künnemann [20]. Polishchuk [31] has studied the sl2 action
for abelian schemes. We follow the standard convention that sl2 is
generated by elements e, f, h satisfying:

[e, f ] = h [h, e] = 2e, [h, f ] = −2f.

In this notation the action of sl2 on Chow groups of Jg is defined as

e : Ai
(j)(Jg) → Ai+1

(j) (Jg) x→ −θ · x,

f : Ai
(j)(Jg) → Ai−1

(j) (Jg) x→ −
θg−1

(g − 1)!
∗ x,

h : Ai
(j)(Jg) → Ai

(j)(Jg) x → −(2i− j − g)x,

The operators e, h have simple forms. The operator f is given by
the following differential operator:

D =
1

2

∑

i,j,k,l

(
Ψpi−1,j−1pk−1,l−1 −

(
i+ k − 2

i− 1

)
pi+k−2,j+l

)
∂pi,j∂pk,l+

∑

i,j

pi−2,j∂pi,j .

The differential operator D is a powerful tool to produce tautolog-
ical relations. The idea is to start from obvious relations and apply
the operator D to it several times. This procedure yields a large class
of tautological relations. A surprising fact is that one can get highly
non-trivial relations from this method.

Yin [37] studies tautological classes on the universal Jacobian in
his recent thesis. There are basic relations among tautological classes
coming from the sl2 action on its Chow ring. Interpreting these re-
lations on the Jacobian side gives an interesting class on relations on
moduli of curves. All tautological relations on the universal curve Cg
for g ≤ 19 and on Mg for g ≤ 23 are recovered using this method.

As another application we will see that all components of the curve
class in positive degrees vanish for families of hypereliptic curves.
These vanishings will be used in this article to find all tautological
relations on Hrt

g,n. Let π : C → Wg be the universal curve over the
space Wg of Weierstraß pointed hyperelliptic curves of genus g. Geo-
metric points of C correspond to objects of the form (C, p, x) where
C is a smooth hyperelliptic curve of genus g, p is a Weierestraß point
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of C and x ∈ C is arbitrary. The degree zero divisor x− p belongs to
the Jacobian of C. This association defines the map

φ : C → Jg.

The ith component of the Beauville decomposition of image of C via
φ is denoted by C(i) as usual.

Proposition 2.1. Let C and φ : C → Jg be as above. The component C(i)
vanishes for all i > 0.

Proof. The proof is known to the expert. For example in [1] Beauville
proves a similar statement when C is a fixed hyperelliptic curve.
He shows that the component C(i) is algebraically equivalent to zero
when i > 0. Here we want to prove the same vanishings for families
of hyperelliptic curves under rational equivalence.

Notice that all components C(i) vanish when i is odd. To see this
consider the Ceresa cycle [C] − (−1)∗[C]. This class is zero according
to our definition of the morphism φ. This shows the vanishing of C(i)
for odd i. We now use this fact to show the vanishing of other com-
ponents with positive indices. Equivalently, we show that the class
pi+2,i = F(C(i)) is zero when i ≥ 1. The vanishing of p3,1 is immediate
since we know that C(1) = 0. Consider the following equations:

0 = D(p3,1pi+1,i−1) = Ψp2,0pi,i−2−

(
i+ 2

2

)
pi+2,i+pi+1,i−1p1,1+p3,1pi−1,i−1,

which is the same as −
(
i+2
2

)
pi+2,i. Notice that the class Ψ vanishes

since the Picard group of Wg is trivial. This proves the claim since
the coefficient of pi+2,i is not zero. �

Remark 2.2. In [1] Beauville shows that the tautological ring of the
Jacobian of a fixed hyperelliptic curve of genus g under algebraic
equivalence is isomorphic to Q[θ]/(θg+1). The vanishing proved above
gives the same presentation for the tautological ring of Jg over Hg

under rational equivalence.

Corollary 2.3. Let π : C → Wg and s : Wg → C be as before. We have the
relation K = (2g − 2)s in Pic(C).

Proof. Consider the map φ : C → Jg defined before. We will show
that the desired relation follows from the vanishing of the divisor
p1,1. We need to calculate the pull-back of p1,1 to C via φ. The method
for calculating the pull-back of tautological classes on the universal
Jacobian to families of curves is explained in the thesis of Yin. We
briefly recall the procedure from [37]. Let π1, π2 be the projections
onto the factors of C2 := C ×Wg

C. The section s : Wg → C induces
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two sections s1, s2 : Wg → C2. Denote by d1,2 the class of the diagonal
inside C2. According to the definition the class φ∗(p1,1) is equal to the
degree one component of the following expression:

φ∗ (F(θ · [φ∗C])) .

An argument based on chasing through cartesian squares shows
that the expression above is the same as:

π2,∗

(
π∗
1

((
s +

K

2
+

Ψ

2

)
· exp(−2s)

)
· exp (d1,2)

)
· exp (−s) .

We therefore have the following:

φ∗(p1,1) =
1

2
K − (g − 1)s− (g −

1

2
)Ψ.

The result follows since the classes p1,1 and Ψ vanish. �

3. THE FABER-PANDHARIPANDE CYCLE

There is a natural way to define the tautological ring R∗(Cn) ⊂
A∗(Cn) of products of a fixed smooth curve C for positive integers
n. It is the Q-algebra generated by canonical classes and diagonals.
More precisely, denote by K the canonical class on the curve C and
consider the natural projections πi : C

n → C and πi,j : C
n → C2 for

1 ≤ i < j ≤ n. From this collection of maps one gets the divisor
classesKi := π∗

i (K) and di,j := π∗
i,j(D), where D ⊂ C2 is the diagonal

class. The tautological ring R∗(Cn) is defined to be the Q-subalgebra
of A∗(Cn) generated by Ki, di,j . One could simply restrict tautolog-
ical cycles on the product Cn

g of the universal curve Cg of genus g to
the fiber Cn and recover the same set of generators.

Faber and Pandharipande in an unpublished work have studied
this ring in cohomology. From their analysis one gets a complete
description of this ring. In particular, there is an explicit presentation
of all relations. The resulting algebra becomes Gorenstein.

It is natural to ask whether R∗(Cn) ⊂ A∗(Cn) has the Gorenstein
property as well. The situation becomes difficult already when we
consider the surface C2. There are 4 cycles K1K2, K1d1,2, K2d1,2, d

2
1,2

in degree 2 with the following relations:

d21,2 = −K1d1,2 = −K2d1,2.

The proportionality K1K2 = (2g − 2)K1d1,2 holds in cohomology.
One wonders whether this relation is true in Chow as well. This was
shown by Faber and Pandharipande for g ≤ 3. Green and Griffiths
[11] study the zero cycle K1K2 − (2g − 2)K1d1,2 for generic curves
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defined over complex numbers. Their Hodge theoretic analysis is
based on an infinitesimal invariant. In particular, they show that
the Faber-Pandharipande cycle doesn’t vanish when C is a generic
curve of g ≥ 4. In [36] Yin shows that the same statement is true in
arbitrary characteristic. The idea of the proof is to write the Faber-
Pandharipande cycle as the pull-back of a tautological class from the
Jacobian of the curve. He observes that the corresponding tautolog-
ical class on the Jacobian doesn’t vanish for a generic curve of genus
≥ 4. Yin proves that the same is true for its pull-back. This shows the
non triviality of this cycle for such curves. We will prove the vanish-
ing of the Faber-Pandharipande cycle on the locus of hyperelliptic
curves with the same idea:

Proposition 3.1. Let π : C → Hg be the universal hyperelliptic curve of
genus g. The cycle K1K2 − (2g − 2)K1d1,2 vanishes on C2.

Proof. Let π : C → Wg be the universal curve over the space Wg

together with the section s : Wg → C. Denote by s1, s2 the induced
sections from Wg to the space C ×Wg

C. We have the relations

Ki = (2g − 2)si, for i = 1, 2

from the statement proven in Corollary 2.3. This gives the desired
vanishing since K1K2 = (2g − 2)2s1s2 and K1d1,2 = (2g − 2)s1s2.

There is another way to see this: Consider the following map

φ2 : C ×Wg
C → Jg.

Notice that a geometric point on the space C ×Wg
C has the form

(C, p, x, y), where C is a hyperelliptic curve with a Weierstraß point
p and x, y ∈ C are arbitrary. The image of this point under φ2 is the
divisor x+y−2p on the Jacobian ofC. After calculating the pull-back
of the classes p1,3, p2,2 to C ×Wg

C we obtain the following relation:

φ∗
2 (4gp2,2 + (4g + 6)p1,3) = −

(
g

g − 1

)2

(K1K2 − (2g − 2)K1d1,2) .

The result follows from the vanishing of p1,3, p2,2 on the universal
Jacobian proved in Proposition 2.1. �

The vanishing of the Faber-Pandharipande cycle can be used to
show another vanishing on the universal hyperelliptic curve:

Corollary 3.2. The cycle K2
1 vanishes on the universal curve π : C → Hg.

Proof. We have the relations

K1K2 = (2g − 2)K1d1,2 = (2g − 2)K2d1,2
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on the space C×Hg
C. Intersect these relations with the divisor classes

K1, K2 and compute their push-forwards to C under the natural pro-
jection C ×Hg

C → C, onto the first factor. The vanishing of K2
1 fol-

lows. �

Remark 3.3. In [36] the Faber-Pandharipande cycle is shown to be
the pull-back of the class W := 2p21,1 − (4g − 4)p2,2, for a fixed curve
of genus g. It is possible to prove Proposition 3.1 and Corollary 3.2
using the class W with a similar method. The only difference is that
the pull-back of W has extra terms involving K2

1 and K2
2 , which both

vanish after all.

4. THE GROSS-SCHOEN CYCLE

In [12] Gross and Schoen considered a smooth and projective curve
X defined over a field k together with a k-rational point p. The codi-
mension 2 cycle ∆p on the product X3 is defined in terms of the di-
agonal classes and the point p. The authors call this class the modified
diagonal cycle and study some of its properties. The basic fact about
∆p is that it vanishes in cohomology. It is proven that the class ∆p in
the second Griffiths group Gr2(X3) := A2

hom(X
3)/A2

alg(X
3), measur-

ing homologically trivial cycles modulo algebraically trivial cycles,
is independent of the choice of the point p. When X is a rational
curve, an elliptic curve or a hyperelliptic curve the cycle ∆p is shown
to be zero in Chow. In the first two cases the point p can be arbitrary
but for hyperelliptic curves it has to be a Weierstraß point. In this
article we want to show the same result in the relative setting.

Let us recall the definition of the Gross-Schoen cycle in the classical
case. Let X be a smooth curve with a point p as above. Consider the
following subvarieties:

∆1 = {(x, p, p) : x ∈ X}, ∆2 = {(p, x, p) : x ∈ X},

∆3 = {(p, p, x) : x ∈ X}, ∆1,2 = {(x, x, p) : x ∈ X},

∆1,3 = {(x, p, x) : x ∈ X}, ∆2,3 = {(p, x, x) : x ∈ X},

∆1,2,3 = {(x, x, x) : x ∈ X}.

The degree 2 cycle ∆p is defined on the product X3 as follows:

∆p = ∆1,2,3 −∆1,2 −∆1,3 −∆2,3 +∆1 +∆2 +∆3.

There is another version of this cycle with respect to the canonical
class. It has the following form:

∆K = ∆1,2,3−
1

2g − 2
(K1d2,3 +K2d1,3 +K3d1,2)+

1

(2g − 2)2
(K1K2 +K1K3 +K2K3) ,
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where di,j is the diagonal class xi = xj as usual. Recall that a curve
C has a subcanonical point p if the equality K = (2g − 2)p holds.
In this situation the classes ∆K and ∆p defined above coincide with
each other. Notice that the cycle ∆K is symmetric.

Proposition 4.1. The cycle∆K vanishes on the locus of hyperelliptic curves.

Proof. Let π : C → Wg be the family of Weierstraß pointed hyperel-
liptic curves of genus g as before. We define a map

φ3 : C ×Wg
C ×Wg

C → Jg.

For a pointed curve (C, p) and points x1, x2, x3 ∈ C the associated
divisor on the Jacobian of C is the divisor x1+x2+x3−3p. The cycle
∆K is the pull back of the following class via φ3:

(1) p3,1 −
1

g − 1
p2,0p1,1 +

2g

g − 1
p2,2 −

2g − 3

2(g − 1)2
p21,1.

This was proven by Yin in [37] for a fixed curve. A computation
similar to 2.3 shows that this formula stays valid over the base Wg as
well. The vanishing of the cycle ∆K follows from Proposition 2.1.

�

Remark 4.2. In [38] Zhang studies the connection between the trivial-
ity of the Gross-Schoen cycle and the Ceresa cycle in the Chow ring
of X3 for a fixed curve X . From his result one can see their equiva-
lence assuming the triviality of the Faber-Pandharipande cycle. The
vanishing of the Ceresa cycle for families of Weierstraß pointed hy-
perelliptic curves is obvious from its definition. It would be interest-
ing to see whether the result proven above can be obtained from this
vanishing by the approach of Zhang. That might give insight into
the following natural question about the torsion cycles found in this
article:

Question 4.3. What are the orders of the Faber-Pandharipande and
Gross-Schoen cycle in the integral Chow ring of the moduli space of
pointed hyperelliptic curves?

Modified diagonals can be defined in a more general settings. The
following formulation is due to O’Grady. LetX be any d-dimensional
algebraic variety over a field k and p ∈ X(k) be a k-rational point.
The modified cycle Γm(X, p) can be defined on the product Xn. For
any subset I of {1, . . . , n} let

∆n
I (X, p) := {(x1, . . . , xn) : xi = xj if i, j ∈ Iand xi = p if i /∈ I}.
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The nth modified cycle associated to the point p is the d-cycle on Xn

given by

Γn(X, p) :=
∑

∅6=I⊂{1,...,n}

(−1)n−|I|∆n
I (X, p).

In [27] it is conjectured that for a hyperkähler variety of dimension
d = 2n there exists a point p ∈ X such that the cycle Γ2n+1(X, p)
vanishes. It is also conjectured that the modified diagonal Γ2g+1(A, p)
vanishes for a point p on an abelian variety of dimension g. A recent
result of Moonen and Yin [23] establishes the second conjecture. In
[24] the same authors among other things give a motivic description
of modified diagonals.

5. THE DEGREE g + 1 RELATION

We have proved that the Faber-Pandharipande cycle and Gross-
Schoen cycle vanish on families of hyperelliptic curves. In this sec-
tion we obtain a degree g + 1 relation which plays an essential role
in our study. We will see that there are two different ways to get this
relation. The first source of this relation is again the universal Jaco-
bian. We use the formula given by Grushevsky and Zakharov for
the pull-back of the theta divisor to the moduli of curves. The sec-
ond method is based on studying linear systems for generic curves
of genus g. This method produces relations in more general settings.
Restricting to the locus of hyperelliptic curves we obtain a tautolog-
ical relation of degree g + 1 involving 2g + 2 points.

5.1. Relations coming from the theta divisor. The geometry of the
theta divisor on the universal Jacobian gives a very simple way to
prove our relation. The pull-back of the theta divisor to the space
of curves is investigated by several authors. Hain [15] gives a for-
mula for this class in terms of standard boundary cycles in cohomol-
ogy. Hain uses this formula to compute the pull-back of the zero
section of the universal Jacobian to the space of curves of compact
type. Hain’s formula answers Eliashberg’s question. Analogue re-
sults are proven by Müller [25]. Grushevsky and Zakharov [13], [14]
give a formula for the pull-back of the theta divisor to the spaces
M ct

g,n classifying pointed curves of compact type and the space M g,n

of stable pointed curves. Here we follow the notation in [13]. Let
Jg be the universal Jacobian of degree zero divisors over M ct

g . We
denote its pull-back under the natural projection M ct

g,n → M ct
g by the

same letter. Consider a collection d = (d1, . . . , dn) ∈ Zn of integers
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satisfying
∑n

i=1 di = 0. For any moduli point

(C; x1, . . . , xn) ∈ M ct
g,n

one gets a degree zero divisor
∑n

i=1 dixi on the Jacobian of C. This
association defines a map

sd :M ct
g,n → Jg.

Let θ be the universal symmetric theta divisor trivialized along the
zero section as before. In [13] Grushevsky and Zakharov compute
the pull-back s∗

d
(θ) in terms of standard divisor classes on M ct

g,n. We
recall the definition of the divisor class ∆h,I for 0 ≤ h ≤ g and a sub-
set I of the marking set {1, . . . , n}. The generic point on this divisor
corresponds to a singular curve having 2 irreducible components.
One of the components has genus h whose set of markings is I . For
any such subset I the number dI is defined as the sum

∑
i∈I di.

Theorem 5.1. For deg d = 0, the class s∗
d
(θ) ∈ PicQ(M

ct
g,n) of the pull-back

of the universal symmetric theta divisor trivialized along the zero section is
equal to

s∗
d
(θ) =

1

2

n∑

i=1

d2iKi−
1

2

∑

I⊆{1,...,n}

(d2I −
∑

i∈I

d2i )∆0,I −
1

2

∑

h>0,I⊂{1,...,n}

d2I∆h,I

Remark 5.2. In [13] a similar formula is proven when deg d = g − 1.
For hyperelliptic curves these relations give equivalent results.

The vanishing of the class θg+1 in the Chow ring of the universal
Jacobian Jg gives a relation among tautological classes on M ct

g,n. We
restrict this relation to the locus of hyperelliptic curves and get a
relation on Hrt

g,n. One can show that the relations coming from the
vanishing of the class θg+1 follow from the relations found on Hrt

g,n

for n ≤ 3 as long as n < 2g + 2. When n = 2g + 2 one gets one
new relation. More precisely, for all choices of parameters di, i =
1, . . . , 2g + 2 the resulting relations on Hrt

g,2g+2 are multiples of each
other up to a linear combination of the relations involving n ≤ 3
points. As we will see in Section 6 there will be no new relations
afterwards.

5.2. Relations from higher jets of differentials. The method is sim-
ilar to the method introduced by Faber in [5] with slight changes.
This gives tautological relations on products Cn

g of the universal curve
over Mg. The resulting relation holds for a general family of curves.

Let π : Cg →Mg be the universal curve of genus g with the relative
dualizing sheaf ω. We also make the usual convention K := c1(ω).
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The n-fold fibered product of the curve Cg over the Mg is denoted by
Cn
g . We consider two natural locally free sheaves on this space. Let
π : Cn+1

g → Cn
g be the projection onto the first n factors. Its relative

dualizing sheaf is denoted by ωn+1. The sum of the diagonal classes
di,n+1 on Cn+1

g defines the divisor class ∆n:

∆n =
n∑

i=1

di,n+1.

The locally free sheaf Em defined for every m ≥ 0 as follows:

Em := π∗(ω
⊗m).

This is the usual Hodge bundle of rank g when m = 1. The fiber of
Em at a point (C; x1, . . . , xn) is the vector space H0(C, ω⊗m

C ), where
ωC is the dualizing sheaf of the curve C. For m > 1 it is of rank
(2m− 1)(g− 1). Another natural bundle is obtained from evaluating
differential forms on divisors. We define the following locally free
sheaf of rank n on Cn

g :

Fm,n := π∗
(
O∆n+1

⊗ ω⊗m
n+1

)
.

The fiber of the sheaf Fm,n at a point (C; x1, . . . , xn) is

H0

(
C,

ω⊗m
C

ω⊗m
C (−

∑n
i=1 xi)

)
.

Consider the natural evaluation map:

φm,n : Em → Fm,n.

For a general n the morphism φm,n doesn’t behave well. Its kernel
has the fiber

H0

(
C, ω⊗m

C

(
−

n∑

i=1

xi

))
,

which depends on the curve C and the points x1, . . . , xn. However
the situation becomes simpler when n is large enough. More pre-
cisely, when n > 2m(g − 1) the morphism φm,n is injective. The quo-
tient bundle Fm,n/Em has rank n− (2m− 1)(g − 1). This means that
for all r := n− 2m(g − 1) > 0 we get the following vanishing:

Proposition 5.3. The class cg+r(Fm,n − Em) vanishes for all r > 0.

The Chern classes of the bundle Fm,n can be calculated with the
same method as in [5] using Grothendieck-Riemann-Roch. We have
the following formula for its total Chern class:
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c(Fm,n) = (1 +mK1)(1 +mK2 −∆2) . . . (1 +mKn −∆n).

We recover Faber’s relations [5] when m = 1. As we will see there
are tautological relations on Cn

g which don’t come from Faber’s rela-
tions.

As an example let g = 2 and take m = 3. In this case we get the
relation c3(F3,7 − E3) = 0. After multiplying this relation with the
divisor class K7 on C7

2 and pushing it forward to C6
2 via the projection

C7
2 → C6

2 we get a degree 3 relation involving 6 points. This relation
was found in [35] and was used to study the tautological ring ofM rt

2,n.
As another example take m = 2 for g > 2. From Proposition 5.3

we get the following relation involving n = 4g − 3 points:

cg+1(F2,4g−3 − E2) = 0.

Notice that n ≥ 2g+2 by our assumption. From this relation we get
a degree g+1 relation involving 2g+2 points. There are many ways
to do this. All give equivalent results for hyperelliptic curves. Here
is one example of doing this: Multiply the relation above with the
monomialK2g+3 . . . K4g−3 and push it forward to C2g+2

g . The resulting
relation is symmetric with respect to 2g + 2 markings.

6. PRODUCTS OF THE UNIVERSAL CURVE OVER Hg

In this section we give a description of the tautological rings for
products Cn of the universal hyperelliptic curve π : C → Hg. We
will see that the relations found in previous sections can be used to
find all tautological relations. This is based on explicit computations
of the intersection pairings. To simplify the computations we work
with a different set of generators.

Definition 6.1. Let n ≥ 1 be an integer. For every 1 ≤ i ≤ n and
1 ≤ i < j ≤ n define the following classes:

ai :=
1

2g − 2
Ki, bi,j := di,j − ai − aj .

It is straightforward to see that the collection of elements ai, bi,j
generate the tautological algebra of Cn. The relations we found in
previous sections become simpler in terms of these variables. The
relation K2

i = 0 translates into a2i = 0. The following relations

K1K2 − (2g − 2)K1d1,2 = K1K2 − (2g − 2)K2d1,2 = 0

are equivalent to the vanishings aibi,j = b2i,j + 2gaiaj = 0. The van-
ishing of the Gross-Schoen cycle is equivalent to bi,jbi,k − aibj,k = 0.
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The degree g + 1 relation comes from the vanishing of the following
symmetric expression:

(2) αg :=
∑

I

bi1,i2 . . . bi2g+1,i2g+2
.

Each term of the sum corresponds to a partition I of {1, . . . , 2g+2}
into g + 1 subsets with 2 elements.

Example 6.2. While we consider only hyperelliptic curves our pre-
sentation works for elliptic curves as well. In this case the origin of
the elliptic curve plays the role of a Weierstraß point.

Let π : C →M1,1 be the universal elliptic curve over M1,1. Geomet-
ric points ofM1,1 are elliptic curves (C, p), where C is a smooth curve
of genus one and p ∈ C denotes its origin. The morphism π admits a
natural section a : M1,1 → C. It associates p ∈ C to the moduli point
(C, p). The image of the section a is denoted by the same letter. Con-
sider the n-fold fiber product Cn := C ×M1,1

· · ·×M1,1
C. Notice that Cn

is birational to the moduli space M1,n+1! The divisor class a defines
the divisor ai in the Picard group of Cn for 1 ≤ i ≤ n. We also have
the diagonal class di,j for 1 ≤ i < j ≤ n. The class bi,j is defined as
bi,j := di,j−ai−aj . In [34] the vanishing of the Faber-Pandharipande
cycle on C2 is obtained from a tautological relation on M ct

1,3. The van-
ishing of the Gross-Schoen cycle gives b1,2b1,3 − a1b2,3 = 0. The con-
nection between this relation and Getzler’s relation on M 1,4 is ex-
plained in [34]. The next case deals with n = 4. There are 10 gen-
erators in degree 1,3 and 21 generators in degree 2. The intersection
matrix of the pairing R1(C4) × R3(C4) is invertible. This shows that
tautological groups are of dimension 10 in degrees 1 and 3. The re-
sulting intersection matrix for R2(C4)× R2(C4) has the form




I6
−2I12

4 −2 −2
−2 4 −2
−2 −2 4



.

This matrix has rank 20. The kernel is one dimensional and corre-
sponds to the relation

b1,2b3,4 + b1,3b2,4 + b1,4b2,3 = 0.

This relation can be obtained from Getzler’s relation via a pull-back.
It is proven in [34] that every relation in the tautological ring of Cn
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follows from these relations. This was used to find all tautological
relations for the moduli space M ct

1,n.

Example 6.3. Let g = 2 and consider n = 2. The vanishing of the
Faber-Pandharipande cycle gives the relation b21,2 + 4a1a2 = 0. This

is the restriction of a tautological relation found on M 2,2 by Getzler
[10]. When n = 3 the vanishing of the Gross-Schoen cycle corre-
sponds to the relation b1,2b1,3−a1b2,3 = 0. This is the restriction of the
relation on M 2,3 found by Belorousski and Pandharipande [2]. The
last relation contains 15 terms and has the following form:

∑
bi1,i2bi3,i4bi5,i6 = 0.

In [33] we proved that these relations determine the structure of the
tautological ring R∗(Cn

2 ) for every n.

The relations involving n ≤ 3 points can be used to generate the
tautological group of a given degree with elements of the form

(3) v :=
∏

i∈A(v)

ai ·
∏

j,k∈B(v)

bj,k, A(v) ∩B(v) = ∅.

In this situation such element v is said to be a standard monomial.
We define a(v) :=

∏
i∈A(v) ai and b(v) :=

∏
j,k∈B(v) bj,k. What we men-

tioned before means that the tautological group of Cn is generated by
standard monomials. Intersection pairings have a simple form if one
works with standard monomials. There is a natural way to associate
a standard monomial w ∈ Rn−k(Cn) to every standard monomial
v ∈ Rk(Cn). It is simply defined as the following product

w :=
∏

i∈{1,...,n}\A(v)∪B(v)

ai · b(v).

We say that v and w are dual to each other and write w = v∗.
An elementary argument shows that for standard monomials v1, v2
of the same degree the product v∗1 · v2 vanishes unless they have
the same B-parts. This means that interesting blocks of intersec-
tion pairings come from matrices having the following form: Let
m ≥ 1 be an integer and consider all standard monomials of the form
bi1,i2 . . . bi2m−1,i2m . These belong to the tautological group Rm(C2m).
Denote by R2m the Q-vector space generated by these elements. The
permutation group S2m acts on R2m via its natural action on indices.
This makes R2m into a representation of the symmetric group S2m.
The decomposition of R2m into irreducible components has the fol-
lowing form:

R2m = ⊕λVλ,
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where Vλ is the representation associated to the partition λ and in
this sum λ varies over all partitions having only even components.
Notice that all representations appear with multiplicities 1. In [16]
similar matrices and their eigenvalues are studied by Hanlon and
Wales. It follows from their result that every representation Vλ cor-
responds to an eigenspace of our intersection matrix. In particular,
Vλ is in the kernel if and only if the partition λ has a part of length
at least 2g+2. An elementary argument shows that such representa-
tion Vλ is generated by an element which is a linear combination of
expressions of the form αg given in (2). This shows that the relations
found for n ≤ 3 points together with the degree g+1 relation on C2g+2

generate all tautological relations. This completes the description of
R∗(Cn) for every n. It follows that intersection pairings are perfect in
all degrees.

Everything we have said about the tautological ring of the moduli
space Cn can be restricted to a fixed hyperelliptic curve.

Corollary 6.4. Let X be any hyperelliptic curve of genus g and n be an
integer. The intersection pairings between tautological classes on Xn are
perfect in all degrees.

7. THE FULTON-MACPHERSON COMPACTIFICATION

In previous sections we found tautological relations on products of
the universal hyperelliptic curve C over Hg. Those relations suffice to
determine the structure of the tautological ring of Cn for every n. We
now want to include singular curves as well and give a description
of R∗(Hrt

g,n). To do this goal we notice that the space Hrt
g,n can be seen

as the relative Fulton-MacPherson compactification of Cn over the
base Hg. More precisely, consider the natural map

π : Hrt
g,n → Hg,

which forgets all markings on the curve and contracts all rational
components. The reduced fiber of π over a moduli point [X ] ∈ Hg is
the Fulton-MacPherson compactification X [n] of X . From this point
of view all boundary divisors appearing in the partial compactifica-
tion Hrt

g,n can be seen as exceptional divisors of blow-ups introduced
in the process of separating points. This identifies the tautological
ring of Hrt

g,n with an algebra over R∗(Cn). Basic relations among ex-
ceptional divisors are interpreted as trivial relations on the moduli
space. This gives a simple description of the tautological ring of Hrt

g,n

in terms of the results proven in previous sections.
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We first recall the definition of the Fulton-Macpherson compact-
ification of a configuration space in the classical settings. Let X be
a nonsingular algebraic variety defined over an algebraically closed
field. For an integer n ≥ 1 consider the product Xn. The configura-
tion space F (X, n) is the open subset of Xn corresponding to all n-
tuples consisting of n distinct points. In [8] Fulton and MacPherson
introduce a compactification of F (X, n) inside the following product

Xn ×
∏

|S|≥2

Bl∆X
S,

where for each subset S of the set {1, . . . , n} Bl∆X
S is the blow-up

of the corresponding product XS along its small diagonal ∆. The
resulting space is denoted by X [n]. This construction is symmet-
ric with respect to the action of the symmetric group permuting n
points. The space X [n] is an irreducible algebraic variety. The natu-
ral map from it to Xn is proper. Furthermore, the variety X [n] con-
tains F (X, n) as an open subset and the complement is a divisor with
normal crossings. This compactification has several advantages over
the naive candidate Xn. When there are several points in the config-
uration space approaching to the same point x ∈ X the resulting
limit in Xn is simply x. In this compactification one remembers how
fast these points approach each other. The original construction of
Fulton and MacPherson is inductive. The starting point isX [1] := X .
Assuming that X [n] is already constructed we consider the product
X [n]×X . There is a sequence of blow-ups along a collection of dis-
joint codimension two subvarieties which yields X [n + 1].

Another equivalent construction of the compactification X [n] is
given in [21]. The construction consists of a symmetric sequence
of blow-ups along diagonal classes on Xn. We consider a diagonal
class XI for each subset I of {1, . . . , n} having at least 2 elements. It
is defined as all points in Xn having equal elements for all coordi-
nates corresponding to the set I . In other words it is the inverse of
the small diagonal of X |I| via the natural projection from Xn onto
X |I|. We first blow up the small diagonal inside the product Xn. In
the next step we blow up all diagonals associated with subsets with
n− 1 elements. This process continues and at each step we increase
the dimension of the blow-up centers by one. Notice that in our case
we assume that X is a curve and it suffices to deal with subsets I
having at least 3 elements. The class of the exceptional divisor of the
blow-up along XI and its proper transform under later blow-ups is
denoted by DI .
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8. THE TAUTOLOGICAL RING OF X [n]

In [8] the authors show that the Chow ring of X [n] can be de-
scribed as an algebra over the intersection ring A∗(Xn) of the carte-
sian product Xn. They also give a description of the ideal of rela-
tions. Notice that we chose a different sequence of blow-ups than
the original construction given by Fulton and MacPherson. As a re-
sult our presentation of the Chow ring has a slightly different form.
The formula of Keel [19] plays an essential role in our computations.
To apply this formula we consider a codimension d closed subvariety
Z of an algebraic variety Y . We assume that the restriction map

A∗(Y ) → A∗(Z)

is surjective. Let JZ/Y be its kernel so that

A∗(Z) =
A∗(Y )

JZ/Y
.

Notice that this property holds for all subvarieties occurring in the
process of the Fulton-MacPherson compactification. By our assump-
tion the Chern class ci(NZ/Y ) of the normal bundle of Z is the restric-
tion of an algebraic cycle ai ∈ Ai(Y ). We define a Chern polynomial
for Z to be

PZ/Y (t) = td + a1t
d−1 + · · ·+ ad−1t + ad ∈ A∗(Y )[t].

We require that ad = [Z]. Other coefficients ai are well-defined only

modulo the ideal JZ/Y . Denote by Ỹ the blow-up of Y along Z and
let E be the class of the exceptional divisor. In this situation we get a

simple description of the Chow ring of Ỹ in terms of the Chow ring
of Y as follows:

Theorem 8.1. (Keel) The Chow ring of Ỹ is given by

A∗(Ỹ ) =
A∗(Y )[E](

JZ/Y ·E, PZ/Y (−E)
) .

This theorem enables us to find a complete description of the Chow
ring of X [n] if we know A∗(Xn). We need to know a Chern polyno-
mial PZ/Y and the ideal JZ/Y for all subvarieties Z appearing in the
construction of the space X [n]. In our case we are only interested in
tautological classes. There is a natural way to define the tautological
ring of X [n].

Definition 8.2. Let X be a curve and n be a positive integer. The
tautological ring of the Fulton-MacPherson compactification X [n] of
the configuration space F (X, n) is defined to be the Q-subalgebra of
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the rational Chow ring of X [n] generated by tautological classes on
Xn together with the classes of exceptional divisors.

In [35] we found the connection between tautological relations on
X [n] and the productXn. They are divided into 5 classes of relations.
In the following we assume that Y is Xn or the total space of one of
its blow-ups in the process of the construction of X [n]:

(1) The most obvious class of relations consists of those coming
from the original space Xn. Notice that the Chow ring of Xn

naturally becomes a subring of the intersection ring of the
space X [n]. We use the same letters for cycles in R∗(Xn) and
their pull backs to X [n].

(2) Another class of trivial relations comes from the vanishing
of products of certain exceptional divisors. We have seen that
exceptional divisors correspond to subsets I of {1, . . . , n} hav-
ing at least 3 elements. Let DI and DJ be the exceptional di-
visors associated to the subvarieties XI and XJ of Xn. As-
sume that I 6⊆ J , J 6⊆ I and I ∩ J 6= ∅. Under these as-
sumptions the proper transforms of the subvarieties XI and
XJ become disjoint in the process of blow-ups. This happens
when we blow up subvarieties corresponding to subsets hav-
ing min(|I|, |J |) + 1 elements. This implies that the product
DI ·DJ is zero for such subsets.

(3) For a subvariety Z of Y consider the inclusion map i : Z →
Y . Let x be an element in the kernel of the restriction map
i∗ : A∗(Y ) → A∗(Z). Denote by EZ the class of the exceptional
divisor of the blow-up BlZY of Y along Z. We get the relation
x · EZ = 0 in the Chow ring of BlZY .

(4) Let V1, . . . , Vk, Z be a collection of blow-up centers. Assume
that the subvarieties V1, . . . , Vk intersect transversally. Fur-
thermore, suppose we can write Z as the transversal inter-
section V1 ∩ · · · ∩ Vk ∩W for some W . Denote by EṼi

the class
of the exceptional divisor of the blow-up along Vi. In this sit-
uation we get the relation PW/Y (−EZ) · EṼ1

. . . EṼk
= 0.

(5) LetZ be a blow-up center of Y with a Chern Polynomial PZ/Y .
The class EZ satisfies the equation PZ/Y (−EZ) = 0.

8.1. Standard monomials and intersection pairings. The relations
described above can be used to obtain a smaller set of generators for
tautological groups. These generators will be called Standard mono-
mials. We will see that there is an involution in the tautological ring
of X [n] which gives a one to one correspondence between standard
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monomials in degrees d and n− d. The intersection pairing

Rd(X [n])× Rn−d(X [n]) → Q, 0 ≤ d ≤ n

has a simple form with respect to this choice of basis for tautological
groups. The existence of a natural filtration on the tautological alge-
bra shows that the resulting intersection matrix becomes triangular.
It consists of square blocks along the main diagonal. These blocks
are intersection matrices of pairings for Xm when m ≤ n. This also
shows that to study tautological classes on X [n] it is enough to re-
strict to the spaces Xm, m ≤ n.

Every element in the tautological ring is a product of tautological
classes onXn with products of exceptional divisors. It can be written
as follows:

(4) v := a(v) · b(v) ·
m∏

r=1

Dir
Ii
,

where a(v), b(v) belong to R∗(Xn) defined before and DI is the ex-
ceptional divisor associated with the subvariety XI . To define stan-
dard monomials and the involution on the tautological ring we need
to associate a graph to each monomial in R∗(X [n]). Let v be a mono-
mial as given in (4). We associate a directed graph G := (VG , EG) to v
as follows: The vertex set VG of G is identified with the set {1, . . . , m}.
There is an edge (r, s) in EG from the vertex r to s if the set Is is a
maximal element of the set

{Ii : Ii ⊂ Ir}.

The degree deg(i) of a vertex i is the number of outgoing edges (i, j)
with the starting point i. The closure i of a vertex i ∈ VG consists of
all vertices r such that the inclusion Ir ⊆ Ii holds. In other words,
the vertex r belongs to the closure of i when there is a path in the
graph G from i to r. Notice that each vertex i of G corresponds to
a subset Ii of {1, . . . , n}. A vertex i is called a root of G if the set Ii
is a maximal element of the collection {I1, . . . , Im} with respect to
inclusion of sets. A vertex i corresponding to a minimal subset Ii is
called an external vertex. All the other vertices of G are called internal
vertices.

Let v be a monomial in the tautological ring of X [n] and denote
by G the associated graph. Roots of G correspond to the collection
{J1, . . . , Js} consisting of subsets of {1, . . . , n}. For each 1 ≤ r ≤ s let
αr ∈ Jr be the smallest element. Consider the following subset S of
the set {1, . . . , n}:
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(5) S := {α1, . . . , αs} ∪ (∩m
r=1I

c
r).

In this situation we say that the monomial v is standard if

a(v)b(v) ∈ R∗(X |S|)

is a standard monomial according to our former convention (3) in
Section 3.3. We also require the following restriction for the powers
of exceptional divisors:

ir ≤ min(|Ir| − 2, |Ir| − | ∪Is⊂Ir Is|+ deg(Ir)− 2).

The following proposition shows that in studying tautological classes
on X [n] we can restrict to standard monomials:

Proposition 8.3. Standard monomials form an additive basis for tautolog-
ical groups in all degrees.

Proof. Let v be a monomial as in Definition (4). For any subset I of
the set {1, . . . , n} and elements i, j ∈ I the relations

ai ·DI = aj ·DI , bi,j ·DI = −2gai ·DI

hold. Under these assumptions for every k ∈ {1, . . . , n} we have
that bi,k · DI = bj,k · DI . Using these relations we may assume that
the monomial a(v)b(v) belongs to R∗(X |S|) for the index set S given
in (5). We may also assume that the power ir satisfies the inequality
ir ≤ |Ir| − 2. This follows from the last class of relations in 8. To
deal with the last inequality let {J1, . . . , Js} be the set of maximal
elements of the set

{Ii : Ii ⊂ Ir,where 1 ≤ i ≤ m}.

From the relations of type (4) in 8 the monomial Dj
Ir
·
∏s

i=1DJi can be
written as a sum of terms which are strictly less than it, where

j = |Ir| − | ∪s
i=1 Ji|+ s− 1 = |Ir| − | ∪Is⊂Ir Is|+ deg(Ir)− 1.

This shows that for any r we may assume that

ir ≤ |Ir| − | ∪Is⊂Ir Is|+ deg(Ir)− 2.

�

We are now able to define an involution on R∗(X [n]) which asso-
ciates a dual element v∗ ∈ Rn−d(X [n]) to every standard monomial
v ∈ Rd(X [n]).
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Definition 8.4. Let v be a standard monomial as given in (4) and G be
its associated graph. Define the subsets J1, . . . , Js and S of {1, . . . , n}
as before. The set T is defined as

T := S \ Av ∪ Bv.

The integers jr for 1 ≤ r ≤ m are defined as follows:

jr :=






|Ir| − | ∪Is⊂Ir Is|+ deg(Ir)− 1− ir Ir is an internal vertex of G

|Ir| − 1− ir Ir is an external vertex of G.

We define

v∗ := a(v∗) · b(v∗) ·
m∏

r=1

Djr
Ii
,

where a(v∗) =
∏

i∈T ai and b(v∗) = b(v).

It follows from our definition that the dual of every standard mono-
mial is again standard. The basic property v∗∗ = v shows that this
association defines an involution on the tautological algebra.

Example 8.5. Let I be a subset of {1, . . . , n} with at least 3 elements
and denote by i its smallest element. The divisor v := DI is standard.
Its dual is v∗ = aiD

n−2
I . The intersection product v · v∗ is equal to

(−1)n−1.

Example 8.6. Let I1, . . . , I4 be 4 disjoint subsets of {1, . . . , n} having at
least 3 elements. Let ij ∈ Ij be the smallest element for 1 ≤ j ≤ 4.

The degree 6 class v := bi1,i2bi3,i4
∏4

i=1DIi is standard. We have that

v∗ = bi1,i2bi3,i4
∏4

i=1D
|Ii|−2
Ii

and v · v∗ = 4(−1)1+
∑

4
i=1

|Ii|g2.

Example 8.7. Let n = 20 and consider the monomial v = b1,2 ·
∏7

i=1DIi

in R8(X [20]), where

I1 = {3, 4, 5}, I2 = {6, 7, 8}, I3 = {9, 10, 11}, I4 = {3, 4, . . . , 13},

I5 = {14, 15, 16}, I6 = {14, 15, 16, 17, 18}, I7 = {14, 15, . . . , 20}.

It follows from the definition that v is a standard monomials. The
graph G associated to v is pictured below. It has 7 vertices and 5
edges. The vertex I1 has degree 3, the vertices I5, I6 are of degree 2
and other vertices have degree zero. The graph G has two roots I1
and I5. There are 4 external vertices I2, I3, I4 and I7 and 3 internal
vertices I1, I5, I6. The dual of v ∈ R12(X [20]) is defined as

v∗ = b1,2a3a14 ·
7∏

r=1

Dir
Ir
,
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where i4 = 3 and all other powers are 1. The intersection product
v · v∗ is equal to −2g.

I4

I1 I2 I3

I7

I6

I5

FIGURE 1. The graph G

8.2. The filtration of the tautological algebra. To compute the in-
tersection matrix of the pairing we consider all standard monomials
of degree d and their duals defined before. The resulting matrix has
a triangular structure which simplifies our analysis of the pairing.
The triangular property is shown to be connected to the vanishing
of certain intersection numbers. These vanishings are better under-
stood via a natural filtration of the tautological ring. The existence of
this filtration was predicted by Looijenga in the previous work [34]
on the tautological ring of M ct

1,n. This filtration is defined in terms
of a natural ordering of monomials. We first order the exceptional
divisors.

Definition 8.8. Let I, J be subsets of the set {1, . . . , n}. We say that
I < J if

• |I| < |J |;
• or if |I| = |J | and the smallest element of I \ I ∩ J is smaller

than the smallest element of J \ I ∩ J .

This induces an ordering on monomials in R∗(X [n]). Consider two
monomials v1, v2 in the tautological ring of X [n] as follows:

v1 = a(v1)b(v1) ·
r0∏

r=1

Dir
Ir
·D, v2 = a(v2)b(v2) ·

r0∏

r=1

Djr
Ir
·D,

where D =
∏m

r=r0+1D
ir
Ir

, for Im < · · · < I1 and ir0 < jr0 ; or if r0 = 0
and a(v1)b(v1) < a(v2)b(v2). Furthermore, we say that v1 ≪ v2 if for
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any factor DI of v2 we have that v1 < DI . Notice that v1 ≪ v2 implies
that v1 < v2.

This ordering of monomials induces a filtration of the tautological
ring.

Definition 8.9. Let v be a standard monomial as given in (4) and let
J1, . . . , Js be the roots of its associated graph as before. The integer
p(v) is defined to be the degree of the element

a(v)b(v) ∩s
r=1 XJr ∈ A∗(Xn),

which is the same as

deg a(v)b(v) +

s∑

r=1

|Jr| − s.

The subspace F pR∗(X [n]) of the tautological ring is defined to be
the Q-vector space generated by standard monomials v satisfying
p(v) ≥ p.

It follows immediately from our definition that

F p+1R∗(X [n]) ⊆ F pR∗(X [n]).

This shows that the subspaces F pR∗(X [n]) indeed define a filtration
for R∗(X [n]). The following vanishing result will be crucial in the
analysis of intersection pairings:

Proposition 8.10. (1) Let v ∈ F pR∗(X [n]) and w ∈ Rd(X [n]) be
such that w ≪ v. If p+ d > n then the intersection product v ·w is
zero. In particular, we have that F n+1R∗(X [n]) is zero.

(2) Let v1, v2 be standard monomials in Rd(X [n]) satisfying D(v1) <
D(v2). Then v1 · v

∗
2 = 0.

Proof. Let J1, . . . , Js be as in Definition 8.9. Denote by Y the space be-

fore blowing up the subvarieties XJ1, . . . , XJs and by Ỹ the resulting
blow-up space. The corresponding morphism is denoted by

π : Ỹ → Y.

The product v ·w vanishes since it is the pull-back of zero via π∗. This
proves the first claim.

For the second part it is enough to write v1 · v
∗
2 as a product v · w,

for v, w ∈ R∗(X [n]) satisfying the properties stated in the first part.
To find v and w, let v1, v2 be given as in Definition 8.8, and denote by
{J1, . . . , Js} the set of roots of the graph associated to the monomial

D =

m∏

r=r0+1

Dir
Ir
.
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By relabelling the roots we may assume that there is an s0 ≥ 0 such
that Jr ⊂ Ir0 for 1 ≤ r ≤ s0, and the equality Ir0 ∩ Jr = ∅ holds for
s0 < r ≤ s.

Letw be the product of all monomialsDI in v1 ·v
∗
2 which are strictly

less than DIr0
and v be the product of the other factors, so that the

equality v1 · v
∗
2 = v · w holds. Notice that w ≪ v, by the definition

of v and w. We need to calculate the degree of w. This is done by
calculating the degree of v and using the equation

deg(w) = n− deg(v).

Roots of the graph associated to v consist of s − s0 + 1 vertices
associated to the subsets Ir0, Js0+1, . . . , Js. The degree deg(v) of v is
therefore equal to the following sum:

|Ir0| − 1 +

s∑

r=s0+1

(|Jr| − 1).

It follows that

deg(w) = n+1+jr0−ir0+s−s0−|Ir0|−
s∑

r=s0+1

|Jr| > n+1+s−s0−|Ir0 |−
s∑

r=s0+1

|Jr|.

On the other hand from Definition 8.9 we have that

p(v) ≥ |Ir0 |+
s∑

r=s0+1

|Jr| − s+ s0 − 1.

From the inequality deg(w) + p(v) > n we see that the intersection
product v · w is zero. �

Theorem 8.11. Let X be a hyperelliptic curve of genus g and n be an
integer. Denote byR∗(X [n]) its tautological ring. The intersection pairings

Rd(X [n])× Rn−d(X [n]) → Q

are perfect for all 0 ≤ d ≤ n. The space of relations is generated by the
vanishing of the following cycles:

• The Faber-Pandharipande cycle,
• The Gross-Schoen cycle,
• All product of the form DI ·DJ for subsets I, J of {1, . . . , n} when-

ever I 6⊆ J , J 6⊆ I and I ∩ J 6= ∅.
• All products of the form x · DI , where I is a subset of {1, . . . , n}

with at least 3 elements and x has the form di,j +Kj or di,k − dj,k
for i, j ∈ I and k ∈ {1, . . . , n} \ I .
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Proof. We have proved in Proposition 8.3 that tautological groups are
generated by standard monomials. Consider a basis for the vector
space Rd(X [n]) consisting of standard monomials of degree d.

It follows from Proposition 8.10 that the intersection matrix of the
pairing between tautological classes has a triangular structure with
respect to our ordering of generators. To finish the study of the pair-
ing we need to analyze the blocks along the main diagonal. We will
see that these are intersection matrices of the pairings of R∗(X |S|) for
various subsets S of {1, . . . , n}. In other words we need to under-
stand the block corresponding to standard monomials having the
same D-part. Let D be any such monomial. It is a product of the
divisor classes DI . Consider the graph G associated to the monomial
D. The subset S of the set {1, . . . , n} is defined as in 5. Now sup-
pose that v1, v2 are standard monomials satisfying D(v1) = D(v2). It
is easy to see that the intersection numbers

v1 · v
∗
2 ∈ Rn(X [n]) ∼= Q

and the number

a(v1)b(v1) · a(v
∗
2)b(v

∗
2) ∈ R|S|(X |S|) ∼= Q

differ by (−1)ǫ, where

ǫ = | ∪m
r=1 Ir|+

∑

i∈V (G)

deg(i).

This shows that square blocks on the diagonal of the intersection
matrix are related to the pairings ofR∗(X |S|) for various S in a simple
way. In particular, we see the direct connection between tautological
relations on X [n] and the products X |S|. We have studied the pair-
ings forR∗(Xn) for all n and we have found all tautological relations.
This shows the same result for X [n] as well.

We need to prove that the relations stated above form a set of gen-
erators. It is not clear that all relations described in 8 follow from
these relations. The argument in the next section shows this. �

9. THE TAUTOLOGICAL RING OF Hrt
g,n

We will show that the tautological ring of the moduli space Hrt
g,n

has the same description asR∗(X [n]) studied in the previous section.
LetX be a smooth hyperelliptic curve of genus g as before. Consider
the natural map

F : X [n] → Hrt
g,n.
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Tautological classes on both sides are connected to each other via the
following relations:

F ∗(Ki) = Ki for 1 ≤ i ≤ n,

F ∗(Di,j) = di,j −
∑

i,j∈I

DI , F ∗(DI) = DI when |I| ≥ 3.

As a result we get a ring homomorphism between tautological al-
gebras:

F ∗ : R∗(Hrt
g,n) → R∗(X [n]).

We want to prove that this homomorphism identifies R∗(Hrt
g,n) with

the tautological ring of the fiber X [n]. It is clear from the definition
that F ∗ is surjective. We also need to show the injectivity of this
map. Notice that both rings are generated by divisors and there is a
natural bijection between these generators. To prove the injectivity it
is enough to verify that for every relation among divisors on the fiber
X [n] the corresponding divisors on Hrt

g,n satisfy the same relation.

(1) Our arguments in sections 2 and 3 show that all tautological
relations on the fiber Xn hold on the moduli space Cn. Their
pull back to Hrt

g,n via the contraction map

Hrt
g,n → Cn

establishes the first class of relations.
(2) We now consider the first class of relations among the divisor

classes DI . The product DI ·DJ ∈ R2(Hrt
g,n) is zero unless

I ⊆ J, or J ⊆ I, or I ∩ J = ∅.

Notice that this holds even inR∗(Hg,n) for all subsets I, J with
at least two elements. In (2) we only consider subsets with at
least three elements.

(3) Let I ⊂ {1, . . . , n} be a subset with |I| ≥ 3 and iI : XI → Xn

denote the inclusion. The ker(i∗I) is generated by the divisor
classes di,j+Ki and di,k−dj,k for distinct elements i, j ∈ I and
k in the complement of I . We will prove that

(ψi +
∑

i∈J,j /∈J

DJ) ·DI and (
∑

i,j∈J

DJ −
∑

i,k∈J

DJ) ·DI

are zero in R2(Hrt
g,n). The first equality follows from the well-

known formula for the ψ classes in genus zero, which we re-
call: Let i ∈ {1, . . . , n} be an element and assume that j, k ∈
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{1, . . . , n}\{i} are arbitrary distinct elements. Then one has
the following equality in A1(M0,n):

ψi =
∑

i∈I
j,k /∈I

DI .

The second relation is an easy implication of the relations
proved in the previous part.

(4) Let V = V1 ∩ · · · ∩ Vk,W and Z be subvarieties of Xn as in
part (4) in 8, so that V ∩W = Z. After possibly relabeling the
indices, we can assume that

Z = XI0, Vi = XIi, for 1 ≤ i ≤ k, W =

r1∏

i=2

d1,i ·
k∏

j=1

d1,rj+1,

where 1 ≤ r1 < · · · < rk+1 ≤ n, I0 = {1, . . . , rk+1}, and Ii =
{ri + 1, . . . , ri+1} for 1 ≤ i ≤ k. From these data we get the
relation

PW/Xn(−
∑

I0⊆I

DI) ·
k∏

i=1

DIi = 0

on the space X [n], for

PW/Xn(t) =

r1∏

i=2

(t+ d1,i) ·
k∏

j=1

(t+ d1,rj+1).

We want to prove a similar identity on the moduli space Hrt
g,n.

This is proven by showing that any monomial in the expan-
sion of this expression is zero. Consider any such monomial.
It has the form

r1∏

i=2

DJi ·
k∏

j=1

DJrj+1
·DIj ,

where

1, i ∈ Ji for 2 ≤ i ≤ r1, 1, rj+1 ∈ Jri+1 for 1 ≤ j ≤ k.

Assume that the product above is not zero. Notice that the
subsets Ji are not disjoint since 1 is in their intersection. This
means that for any two indices i and j one of the inclusions
Ji ⊆ Jj or Jj ⊆ Ji holds. When 1 ≤ j ≤ k the non vanishing
of the product DJrj+1

·DIj implies that Ij ⊆ Jrj+1. This means

that ∪k
j=1Ij ⊆ ∪k

j=1Jrj+1. Since 1, i ∈ Ji for 2 ≤ i ≤ r1 we see
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that the union of all Ji’s contains I0. But this union coincides
with one of the Ji’s. This means that I0 ⊆ Ji for some i. But
the term DJi for such set Ji is excluded from the expression
above. This contradiction shows the desired vanishing.

(5) Let I ⊂ {1, . . . , n} be a subset with |I| ≥ 3 corresponding to
the subvariety Z = XI of Xn. The relation

PZ/Xn(−
∑

I⊆J

DJ) = 0

on the space X [n] holds. To prove the corresponding relation
on the moduli space we will show that the product

∏

i 6=j∈I

(di,j −
∑

I⊆J

DJ)

is zero, where i ∈ I is an arbitrary element. This is verified as
in the previous case by showing that all monomials occurring
in the expansion of the expression above are zero. In the proof
we only need to use relations of type (2).

Notice that our proof shows that seemingly complicated relations
of type (4) and (5) are formal consequences of the trivial relations of
type (2). This completes the proof of Theorem 8.11 as well.

The argument above proves that F ∗ is indeed an isomorphism.
This shows that the restriction map induces an isomorphism be-
tween the tautological rings involved and finishes the proof of The-
orem 0.1.

10. TAUTOLOGICAL COHOMOLOGY VIA MONODROMY

We have seen a complete description of relations among tautologi-
cal classes in the Chow ring of Hrt

g,n. From the Gorenstein property of
the tautological ring there will be no more relations between tauto-
logical cycles in cohomology. More precisely, consider the cycle class
map

cl : A∗(Hrt
g,n) → H∗(Hrt

g,n).

The image of R∗(Hrt
g,n) is called the tautological cohomology of

Hrt
g,n and is denoted by RH∗(Hrt

g,n). From Theorem 0.1 we get the
following isomorphism:

cl : R∗(Hrt
g,n)

∼
→ RH∗(Hrt

g,n).

This shows that the tautological cohomology ring RH∗(Hrt
g,n) has

Poincaré duality as well. Now let X be a smooth hyperelliptic curve
of genus g. The tautological cohomology RH∗(X [n]) ⊂ H∗(X [n]) is
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defined analogously. The cycle class map identifies the tautological
algebras of X [n] in Chow and cohomology. We therefore get the fol-
lowing diagram of isomorphisms from Theorems 0.1 and 8.11:

(6)

R∗(Hrt
g,n)

F ∗

−−−→ R∗(X [n])ycl

ycl

RH∗(Hrt
g,n)

F ∗

−−−→ RH∗(X [n])

We want to identify these isomorphic algebras with monodromy
invariant classes in the rational cohomology of X [n]. This follows
from a result of Petersen and Tommasi proved for arbitrary curves
which we will recall below.

Let X be a smooth curve of genus g. Recall that there is a natural
action of the symplectic group Sp(2g,Q) on the rational cohomology
ring of X . This induces an action of this group on the cohomology
of X [n] as well. As it was observed in [29] the tautological cohomol-
ogy of X [n] can be identified with monodromy invariant classes in
cohomology:

Proposition 10.1. LetX be a smooth projective curve of genus g. The sub-
algebra H∗(X [n])Sp(2g,Q) of monodromy invariant classes coincides with
the tautological cohomology ring RH∗(X [n]).

In particular, RH∗(X [n]) is a Gorenstein algebra for every curve
X and a natural number n. This is very different from what we
know in Chow as R∗(Xn) and R∗(X [n]) don’t have Poincaré dual-
ity for generic curves already when n = 2. However for hyperellip-
tic curves we proved the isomorphism between tautological rings in
Chow and cohomology. This shows that all isomorphic algebras in
the diagram 6 can be naturally identified with monodromy invariant
classes. This finishes the proof of Corollary 0.2.

11. A REMARK ON PIXTON’S CONJECTURE

Our results in previous sections deal with relations among tauto-
logical classes on the space Hrt

g,n. In this section we want to use the

found relations to get relations on the spaceMg,n. This reformulation
uses the following ingredients: the formula for the class of hyperel-
liptic curves and the natural evaluation map on the space of curves
of rational tails. Then we raise questions about the connection be-
tween the resulting relations and Pixton’s recent conjecture.
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The class of the hyperelliptic locus insideMg is calculated by Mum-
ford in the seminal paper [26]. It is a class of degree g − 2 and the
formula is a polynomial in terms of lambda and kappa classes. Re-
call that the lambda class λi for 0 ≤ i ≤ g is defined as the Chern
class λi := ci(E) of the Hodge bundle E. On the other hand we know
that the tautological group Rg−2(Mg) has dimension one. Indeed the
lambda class λg−2 is a generator. Faber [4] calculated the explicit
multiplicity:

(7) [Hg] =
22g − 1

g(g + 1)(4g2 − 1)|B2g−2|
λg−2 ∈ R∗(Mg),

where B2g−2 is the Bernoulli number. Let us explain how we get
relations on M g,n from those on hyperelliptic curves. We have seen
that the vanishing of the Faber-Pandharipande cycle on Hrt

g,2 is equiv-
alent to the relation

K1K2 = (2g − 2)K1d1,2

where d1,2 is the diagonal class. We now use the formula for the
class of the hyperelliptic locus. If we rewrite this relation in terms of
standard tautological classes on M rt

g,2 we get that

(ψ1ψ2 − (2g − 1)ψ2
1) · λg−2 = 0 ∈ Rg(M rt

g,2).

To obtain a relation in R∗(M g,2) we use the evaluation

A∗(M rt
g,n) → Q, ǫ→

∫

Mg,n

ǫ · λg−1λg.

Recall that this map defines a well-defined evaluation on A∗(M rt
g,n).

The resulting equality becomes
∫

Mg,2

(ψ1ψ2 − (2g − 1)ψ2
1)λg−2λg−1λg = 0.

This is a well-known identity among the simplest type of Hodge
integrals. It can be easily shown using the string equation. How-
ever notice that this last identity does not prove the vanishing of the
Faber-Pandharipande cycle on Hrt

g,2. We can apply the same method
to other relations. The vanishing of the Gross-Schoen cycle gives a
relation of degree 3g − 1 on M g,3. The resulting relation is slightly
more complicated than the previous one. On the space Hrt

g,3 it has
the following form:

d1,2d1,3−
1

2g − 2
(K1d2,3+K2d1,3+K3d1,2)+

1

(2g − 2)2
(K1K2+K1K3+K2K3).
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where,

di,j = Di,j +D1,2,3, Ki = ψi −
∑

i∈I

DI .

The divisor DI corresponds to curves with the marking set I on the
rational component. To obtain a relation on Mg,3 we proceed as be-
fore. The resulting relation seems less obvious to prove with known
methods. In the same way we get a tautological relation of degree
4g−2 on M g,2g+2. The resulting relation is symmetric with respect to
the 2g + 2 points. It has the following form:

Theorem 11.1. The following relation holds in R4g−2(M g,2g+2):(
∑

I

bi1,i2 . . . bi2g+1,i2g+2

)
· λg−2λg−1λg = 0.

Each term of the sum corresponds to a partition I of {1, . . . , 2g + 2} into
g + 1 subsets with 2 elements.

In [30] Pixton proposed a class of conjectural tautological rela-
tions on the Deligne-Mumford space Mg,n. His relations are de-
fined as a weighted sum over all stable graphs on the boundary
∂Mg,n =Mg,n \Mg,n. Weights on graphs are tautological classes. Pix-
ton also conjectures that all tautological relations have this form. A
recent result [32] of Pandharipande, Pixton and Zvonkine shows that
Pixton’s relations are connected with the Witten’s class on the space
of 3-spin curves. Their analysis shows that Pixton’s relations hold
in cohomology. Janda [18] derives Pixton’s relations by applying the
virtual localization formula to the moduli space of stable quotients
introduced in [22]. This establishes Pixton’s relations in Chow. Sev-
eral known relations such as Keel’s relation [19] on M 0,4, Getzler’s
relation [9] on M 1,4 and Belorousski-Pandharipande relation [2] on
M2,3 follow from Pixton’s relations. While this method produces
a large class of relations there are very few evidences for Pixton’s
conjecture at this point. The mysterious structure of the tautologi-
cal algebras and the complicated nature of the relations makes his
conjecture more delicate. The question whether all relations in the
tautological ring come from Pixton’s relations seems interesting and
challenging. The relations we described in this section give an exam-
ple of an infinite collection of tautological relations. The connection
between these relations and Pixton’s relations is not clear to us. We
can show that the relation on M rt

2,6 already comes from a stable quo-

tient relation on M 2,6. Our computation is based on the notes [17]
by Janda on stable quotient relations on products of the universal
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curve. We don’t know if it is possible to derive our relations from
Pixton’s relations in general. Understanding their connection needs
new ideas.

12. CONCLUDING REMARKS AND FURTHER DIRECTIONS

A conjecture of Faber and Pandharipande [6] predicts that every
relation in R∗(M rt

g,n) and R∗(M ct
g,n) can be extended to a tautologi-

cal relation in R∗(M g,n). It is natural to ask whether tautological
relations on Hrt

g,n can be extended to tautological relations on Hct
g,n

and Hg,n. As we have seen in Section 5 the degree g + 1 relation on
Hrt

g,2g+2 can be naturally extended to the space of curves of compact
type. The reason is that the Abel-Jacobi map extends to curves of
compact type and the vanishing of θg+1 holds over the universal Ja-
cobian over Hct

g . The formula of Grushevsky and Zakharov gives an
explicit formula for the boundary terms arising in the extended re-
lation. Working with semi-abelian varieties and using the result of
[14] should prove the existence of an extension of this relation to Hg,n

as well. Extending the Faber-Pandharipande and Gross-Schoen rela-
tions to the compactifications is more subtle. A naive guess would be
to obtain these vanishings from the degree g + 1 relation. One could
start from this relation and push it forward to spaces with smaller
numbers of points. At each step we can multiply the resulting rela-
tion with a tautological class. In genus two both of these relations
follow from the vanishing of θ3 after suitable push-forwards. But in
genus 3 one can only obtain the Faber-Pandharipande relation with
this method. In genus g ≥ 4 none of these relations follow from this
approach. In fact if this method gives the vanishing of these cycles
the same argument would prove the same statement for every family
of curves with trivial kappa classes in positive degrees. In particu-
lar, it would show their triviality for any fixed curve. But according
to [37] the Faber-Pandharipande cycle does not vanish for a generic
curve of genus g ≥ 4. We also know the non triviality of the Gorss-
Schoen cycle for generic curves of genus g ≥ 3. This is shown by
Ceresa [3] in characteristic zero and by Fakhruddin [7] in positive
characteristic.

Finding a complete description of tautological relations on Hct
g,n

and Hg,n seems an interesting question. In [29] Petersen and Tom-
masi show the existence of a counterexample to the Gorenstein con-
jectures for M2,n for some n ≤ 20. A more recent result [28] of
Petersen shows that the tautological ring of M ct

2,n is not Gorenstein
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when n ≥ 8. These results suggest that the structure of the tautolog-
ical rings of the larger compactifications become more complicated
already in genus two. It is not clear whether for a fixed genus all
relations can be obtained from finitely many ones independent of n.

Another natural question concerns other loci of curves with spe-
cial linear systems. The next case is the space of trigonal curves. In
[33] we study the connection between the modified Gross-Schoen cycles
and Faber’s relations in [5] on certain spaces of trigonal curves.
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